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Robin boundary conditionsAbstract A numerical investigation is carried out into the flow and heat transfer within a
fully-developed mixed convection flow of water–alumina (Al2O3–water), water–titania
(TiO2–water) and water–copperoxide (CuO–water) in a vertical channel by considering Dirichlet,
Neumann and Robin boundary conditions. Actual values of thermophysical quantities are used
in arriving at conclusions on the three nanoliquids. The Biot number influences on velocity and
temperature distributions are opposite in regions close to the left wall and the right wall. Robin con-
dition is seen to favour symmetry in the flow velocity whereas Dirichlet and Neumann conditions
skew the flow distribution and push the point of maximum velocity to the right of the channel. A
reversal of role is seen between them in their influence on the flow in the left-half and the right-half
of the channel. This leads to related consequences in heat transport. Viscous dissipation is shown to
aid flow and heat transport. The present findings reiterate the observation on heat transfer in other
configurations that only low concentrations of nanoparticles facilitate enhanced heat transport for
all three temperature conditions. Significant change was observed in Neumann condition, whereas
the changes are too extreme in Dirichlet condition. It is found that Robin condition is the most
stable condition. Further, it is also found that all three nanoliquids have enhanced heat transport
compared to that by base liquid, with CuO–water nanoliquid shows higher enhancement in its
Nusselt number, compared to Al2O3 and TiO2.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Nomenclature
A ¼ dPdX constant pressure gradient
Bi Biot numbers
L channel width
Gr Grashof number
Br Brinkman number
k thermal conductivity
Cp specific heat at constant pressure
dp particle diameter
D ¼ 2L, hydraulic diameter
g gravitational acceleration
h external heat transfer coefficients
Re Reynolds number
GR ¼ Gr=Re Mixed convection parameter defined in
Eq. (18)
Nu Nusselt number
p pressure
P ¼ pþ q0gX, difference between the pressure and
the hydrostatic pressure
Pr Prandtl number
RT temperature ratio
S dimensionless parameter defined in Eq. (18)
T temperature
u dimensionless velocity in the y direction
U velocity components in the Y-direction
X;Y dimensionless space coordinates
Greek symbols
a ¼ k=ðq0cpÞ, thermal diffusivity
b thermal expansion coefficient
h dimensionless temperature
m kinematic viscosity
l dynamic viscosity
q density
/ volume fraction of nanoparticles.
Subscripts
0 value on channel entrance
1 left wall
2 right wall
bl base liquid
nl nanoliquid
np nanoparticles
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The vertical channel is a commonly used configuration in
many thermal engineering equipments. Some application areas
involving the configuration are collector of solar energy, cool-
ing devices of electronic and micro-electronic equipments,
packed chemical reactors, prevention of subsoil water pollu-
tion, geothermal reservoirs, nuclear waste disposal and cooling
of nuclear reactors. Some important reported works on the
problem include those of Tao [31], Aung and Worku [2], Incr-
opera [17], Cheng et al. [9], Javeri [18], Barletta [4], Zanchini
[35], Barletta and Zanchini [5], Grosan and Pop [15], Pop
et al. [26] and Saleh et al. [29]. Except Javeri [18] and Zanchini
[35], all others considered Dirichlet boundary condition on
temperature.
Viscous dissipation aids flow in the case of both upward
flow and downward flow. It is also observed that small value
of pertubation parameter is agreed very well in analytical
and numerical solutions. Chao et al. [8] later investigated
numerically the heat transfer and entropy generation within
a fully-developed flow of water-based nanoliquid in a vertical
channel. They provide a useful insight into the effects of vis-
cous dissipation on the entropy generation within vertical
asymmetrically-heated channels containing mixed convection
flow. Meanwhile, the study by Barletta [4] shows that espe-
cially in the case of upward flow, the effects of viscous dissipa-
tion can be important. It was also concluded that viscous
dissipation enhances the effect of flow reversal for downward
flow.
Three types of boundary conditions are compared in this
study, comprising the Dirichlet (first kind), Newmann (second
kind) and Robin (third kind). In Dirichlet condition, the value
is set of the unknown function itself, whereas in Newmann
condition the gradient of the function is set in a direction nor-mal to the boundary. The Robin condition sets the value of a
combination of the unknown function and its normal gradient
that is linear in the unknown function. Among the earlier sys-
tematic comparisons of the effect of these boundary conditions
were by Novy et al. [23], Bixler [6] and Papanastasiou et al.
[24]. It was proven that the Robin boundary condition gives
the most accurate solution. Hence, the Robin condition is
applied for the default case in this study.
It was Choi and Eastman [10] who gave the name nanoliq-
uids to liquids with suspended nanoparticles. Ever since the
manufacture of nanoparticles became a reality, researcher
started using nanoliquids as a preferred medium for heat trans-
fer. Investigations have been done on mixed convective flows
of nanoliquids in channels by many researchers and include
Xu et al. [33], where it was found that the heat transfer char-
acteristic can be improved significantly as the proper nanoliq-
uids are applied. Mahian et al. [20] revealed that Ti02–water
nanoliquids reduces the entropy generation in the vertical
channel. Other related studies are by Xu and Pop [34], Haji-
pour and Dehkordi [16], Chao et al. [8], Farooq et al. [13],
Fakour et al. [12], Das et al. [11] and Malvandi and Ganji
[22]. These works, use either the single-phase model of Khana-
fer et al. [19] or the Buongiorno [7] model and their investiga-
tions are based on the Dirichlet condition on temperature with
mostly no viscous dissipation effect. It is now known in nano-
liquids based applications that the ‘enhanced heat transfer’ sit-
uation is seen only for dilute concentration of nanoparticles.
With this being the case, there is ample opportunity in the
nanoliquids to have viscous dissipation and hence is an impor-
tant aspect to investigate in vertical channel flows. The objec-
tive in the present work was the following:
1. To consider the effect of Robin temperature boundary con-
dition on the flow and heat transfer in three water-based
nanoliquids.
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role on flow and heat transfer in the three chosen
nanoliquids.
3. To consider various volume fractions of nanoparticles and
see whether enhanced heat transfer situation persists in
dilute nanoliquids when a Robin condition is used.
4. To make a comparison between the extent of heat transfers
facilitated by the Dirichlet, Neumann and Robin boundary
conditions.
5. To verify the hypothesis that all three nanoliquids transfer
more heat compared to base liquid water for all three
boundary conditions.
There are various types of analytical or numerical methods
which can be employed to solve the nonlinear systems of ordi-
nary differential equations. Among others are done by Rashidi
et al. [27], where a combination of the differential transform
method (DTM) and Pad approximation method was applied.
Meanwhile, Freidoonimehr et al. [14] applied the fourth order
Runge–Kutta method based shooting technique and
Abolbashari et al. [1] use Optimal Homotopy Analysis Method
(OHAM). Later, Rashidi et al. [28] applied fourth order
RungeKutta method. For this study, though the governing
equations seem simple, clearly they are not analytically
tractable due to the use of a more realistic Robin boundary
condition on temperature. Hence, shooting method is used to
solve for the flow and temperature distributions.
2. Mathematical formulation and validation
Mixed convection flow of three water-based nanoliquids with
copper, alumina or titania nanoparticles is investigated in this
study. We consider under the Boussinesq–Oberbeck
approximation, the steady flow of a Newtonian fluid in a par-
allel plate vertical channel of width L. The x-axis is chosen to
be vertically upwards opposite in direction to the gravitational
vector g. The y-axis is perpendicular to the channel walls andT1 T2
g
U T0, o
-L/2 L/2
Y
X
0
Nanoliquid
Figure 1 Physical configuration of vertical channel containing
fully-developed mixed convection nanoliquid flow.the origin of the axes is on the left channel wall. The flow has a
uniform upward vertical velocity U0, at the channel entrance.
The physical configuration is as shown in Fig. 1. The thermo-
physical properties of the nanoliquid except density are
assumed to be constant. The Oberbeck–Boussinesq approxi-
mation is used and the equation of state under this assumption
is
qnl ¼ q0nl ½1 bnlðT T0Þ: ð1Þ
The X-component U is the only nonzero component of the
velocity. Thus, the continuity equation is
dU
dY
¼ 0: ð2Þ
The momentum balance equations along X and Y direc-
tions are modified for nanoliquids using Khanafer et al. [19]
model to obtain:
ðqbÞnlgðT T0Þ þ lnl
d2U
dY2
 @P
@X
¼ 0; ð3Þ
@P
@Y
¼ 0; ð4Þ
where lnl is the effective dynamic viscosity of the nanoliquid,
applying the correlation model by Azmi et al. [3]:
lnl ¼ lbl 1þ /ð Þ11:3 1þ
T
70
 0:038
1þ dp
170
 0:061
: ð5Þ
Meanwhile, qnl is the effective density of the nanoliquid and
bnl is the effective thermal expansion coefficient of the nanoliq-
uid. They are given by the following expressions from mixture
theory:
qnl ¼ ð1 /Þqbl þ /qnp;
ðqbÞnl ¼ ð1 /ÞðqbÞbl þ /ðqbÞnp:
ð6Þ
where P ¼ pþ q0gX. In view of Eqs. (4), (3) can be rewritten
as
T T0 ¼ 1ðqbÞnlg
dP
dX
 lnlðqbÞnlg
d2U
dY2
: ð7Þ
The boundary conditions on U are taken as follows:
U L
2
 
¼ U L
2
 
¼ 0: ð8Þ
Differentiating Eq. (7) with respect to X and then separately
with respect to Y, we get
@T
@X
¼ 1ðqbÞnlg
d2P
dX2
; ð9Þ
@T
@Y
¼  lnlðqbÞnlg
d3U
dY3
: ð10Þ
The boundary conditions on the temperature field are
assumed to be the following:
knl @T
@Y

Y¼L2
¼ h1½T1  TðX;L=2Þ; ð11Þ
knl @T
@Y

Y¼L2
¼ h2½TðX;L=2Þ  T2; ð12Þ
where h1 and h2 are constants.Using Eq. (10), Eqs. (11) and
(12) are rewritten as
Figure 2 Velocity profiles of (a) Zanchini [35] and (b) present study for different Mixed convection parameter GR with
Br ¼ 0;Bi1 ¼ Bi2 ¼ 10 and / ¼ 0.
Figure 3 Temperature profiles of (a) Zanchini [35] and (b) present study for different Brinkman number Br with GR ¼ 0;Bi1 ¼ Bi2 ¼ 10
and / ¼ 0.
Table 1 Thermophysical properties of water at 300 K.
qbl ðCpÞbl ðqCpÞbl kbl bbl ðqbÞbl lbl
997.1 4179 4:1669E5 0.6 2:1E4 2:09E1 8:91E4
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dY3

Y¼L2
¼ ðqbÞnlgh1
knllnl
½T1  TðX;L=2Þ; ð13Þ
d3U
dY3

Y¼L2
¼ ðqbÞnlgh2
knllnl
½TðX;L=2Þ  T2: ð14Þ
It is easily verified that Eqs. (13) and (14) imply that @T=@X
is zero both at Y ¼ L=2 and at Y ¼ L=2. Since Eq. (9)
ensures that @T=@X does not depend on Y, it is concluded that
@T=@X is zero everywhere. Therefore, the temperature T
depends only on Y, i.e., T ¼ TðYÞ. Thus, on account of Eq.
(9), we may writeTable 2 Thermophysical properties of nanoparticles at 300 K.
Nanoparticle qnp ðCpÞnp ðqCpÞnp
CuO 8954 383 3:429E
Al2O3 3600 765 2:754E
TiO2 4250 686.2 2:916EdP
dX
¼ A: ð15Þ
The conservation of energy equation in the presence of viscous
dissipation is taken to be the following:
knl
d2T
dY2
¼ lnl
dU
dY
 2
: ð16Þ
The expression for knl is taken from the relation of Patel’s
model, Patel et al. [25]:
knl¼kbl 1þ0:135 knp
kbl
 0:273
T
20
 0:547
100
dp
 0:234
/0:467
 !
: ð17Þ
The expression for lnl is as mentioned earlier in Eq. (5). We
now define D ¼ 2L which is the hydraulic diameter and the ref-
erence velocity U0 and the reference temperature T0 are given
byknp bnp ðqbÞnp
6 400 1:67E5 1:495E1
6 46 0:63E5 2:268E2
6 8.954 0:9E5 3:825E2
Table 3 Effective values of properties of nanoparticles–water at 300 K, dp ¼ 50.
/ ðqCpÞnl knl ðqbÞnl lnl ðqbÞnlðqbÞbl
lnl
lbl
knl
kbl
CuO–water 0.005 4:163E6 0.6090 0.2091 0:915E3 0.999 1.027 1.101
0.010 4:160E6 0.6181 0.2090 0:969E3 0.997 1.087 1.134
0.015 4:156E6 0.6273 0.2085 1:024E3 0.996 1.149 1.167
0.020 4:152E6 0.6366 0.2082 1:083E3 0.994 1.215 1.193
0.025 4:148E6 0.6459 0.2079 1:144E3 0.993 1.284 1.214
0.030 4:145E6 0.6554 0.2076 1:208E3 0.991 1.356 1.233
Al2O3–water 0.005 4:160E6 0.6087 0.2085 0:915E3 0.956 1.027 1.056
0.010 4:153E6 0.6175 0.2075 0:969E3 0.991 1.087 1.077
0.015 4:146E6 0.6264 0.2070 1:024E3 0.987 1.149 1.093
0.020 4:139E6 0.6353 0.2057 1:083E3 0.982 1.215 1.107
0.025 4:132E6 0.6444 0.2047 1:144E3 0.978 1.284 1.119
0.030 4:124E6 0.6535 0.2038 1:208E3 0.973 1.356 1.129
TiO2–water 0.005 4:161E6 0.6074 0.2085 9:15E3 0.9969 1.027 1.036
0.010 4:154E6 0.6149 0.2077 0:969E3 0.992 1.087 1.049
0.015 4:148E6 0.6225 0.2068 1:024E3 0.988 1.149 1.060
0.020 4:142E6 0.6301 0.2060 1:083E3 0.984 1.215 1.068
0.025 4:136E6 0.6348 0.2051 1:144E3 0.980 1.284 1.076
0.030 4:130E6 0.6456 0.2043 1:208E3 0.975 1.356 1.083
base liquid
TiO2-water
Al2O3-water
CuO-water
y
u
(y
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Figure 4 Velocity profiles of three types of water-based nano-
liquids and base liquid for two various values of GR, (a) GR ¼ 100
and (b) GR ¼ 800 with Br ¼ 0:001;Bi1 ¼ Bi2 ¼ 10 and / ¼ 0:02.
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Figure 5 Temperature profiles of three types of water-based
nanoliquids and base liquid for two various values of GR, (a)
GR ¼ 100 and (b) GR ¼ 800 with Br ¼ 0:001;Bi1 ¼ Bi2 ¼ 10 and
/ ¼ 0:02.
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;TiO2-water
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u
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Figure 6 (a) Velocity profile and (b) temperature profile of three
types of water-based nanoliquids with low mixed convection
parameter GR ¼ 10, high Brinkman number
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2
48lbl
;
T0 ¼ T1 þ T2
2
þ S 1
Bi1
 1
Bi2
 
ðT2  T1Þ;
where Bi1 ¼ h1D
kbl
and Bi2 ¼ h2D
kbl
:
ð18Þ
Eqs. (7), (8), (11), (12) and (16) can be written in a dimen-
sionless form by employing the following dimensionless
parameters:
u ¼ U
U0
; h ¼ T T0
T2  T1 ; y ¼
Y
D
; Gr ¼ gbblDTD
3
ðvblÞ2
;
Br ¼ lblðU0Þ
2
kblDT
; Pr ¼ vbl
abl
; GR ¼ Gr
Re
; RT ¼ T2  T1DT
Re ¼ U0D
vbl
; S ¼ Bi1Bi2
Bi1Bi2 þ 2Bi1 þ 2Bi2 :
ð19Þ
The non-dimensional governing equations and boundary
conditions are as follows:
lnl
lbl
d2u
dy2
¼  48þ ðqbÞnlðqbÞbl
GRh
 
; ð20Þ
uð1=4Þ ¼ uð1=4Þ ¼ 0; ð21Þ
1
Br
knl
kbl
 
d2h
dy2
þ lnl
lbl
 
du
dy
 2
¼ 0; ð22Þ
dh
dy

y¼14
¼ Bi1 h  1
4
 
þ RTS
2
1þ 4
Bi1
  
; ð23Þ
dh
dy

y¼14
¼ Bi2 h 1
4
 
þ RTS
2
1þ 4
Bi2
  
: ð24Þ
The dimensionless form of velocity and temperature pro-
files thus depends on five parameters: the ratio GR ¼ Gr=Re,
the Brinkman number Br, the temperature difference ratio
RT and the Biot numbers Bi1 and Bi2. Following the work of
Zanchini [35], the Nusselt numbers calculated at the left and
right vertical plates are given by the following:
Nu1 ¼
knl
kbl
 
RT½hð1=4Þ  hð1=4Þ þ ð1 RTÞ
dh
dy

y¼1=4
;
Nu2 ¼
knl
kbl
 
RT½hð1=4Þ  hð1=4Þ þ ð1 RTÞ
dh
dy

y¼1=4
:
ð25Þ
Eqs. (20) and (22) on eliminating temperature yield a 4th
order nonlinear ordinary differential equation in U but need
two additional boundary conditions on U to be generated.
This was impossible to do in view of third type boundary con-
dition on h. Hence, the coupled system of Eqs. (20) and (22)
subject to conditions (21) (23) and (24) is solved by Run-
geKutta method with shooting technique.
In order to validate the numerical code, it is necessary to
make a comparison with the previous published results. The
present numerical results are verified against the result
obtained by Zanchini [35] as shown in Figs. 2 and 3 for
/ ¼ 0. Clearly, from this comparison, the present results are
in excellent agreement with the corresponding results by Zan-
chini [35].3. Results and discussions
The study involves fully developed mixed convection flow in a
nanoliquid, focusing on the effects of nanoliquid properties,
the Brinkman number, the mixed convection parameter, Biot
number and the Nusselt number. The value of temperature
ratio RT, the particle diameter dp(nm) and the temperature T
(C) are kept at 1, 50 and 30 respectively. Meanwhile, the effect
of nanoparticle volume fraction is investigated in the range of
0:005 6 /  0:3. The default values of other parameters are
mentioned in the description of the respective figures. The
built-in routine, dsolve (in Maple), is applied for the numerical
computations. Tables 1–3 respectively represent the values of
the quantities of base liquid, nanoparticles and effective values
of quantities concerning the nanoliquids. For the investiga-
tions, three water-based nanoliquids with copperoxide, alu-
mina and titania nanoparticles are considered. From these
tables, it is obvious that the magnitude of quantities of nano-
liquids is in between those of nanoparticles and base liquid.
Table 3 gives us the information on the ratio of nanoliquid val-
ues and the base liquid values for kinematic viscosity (v),
dynamic viscosity (l) and the effect thermal expansion (qb).Br ¼ 1:0;Bi1 ¼ Bi2 ¼ 10 and / ¼ 0:02.
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Figure 7 Velocity profiles and temperature profiles of nanoliquid (using Al2O3–water, / ¼ 0:02) and base liquid with Bi1 ¼ Bi2 ¼ 10.
Fig. 4(a): High value of Brinkman number Br ¼ 0:1 and low values of mixed convection parameter GR. Fig.4(b): Low value of Brinkman
number Br ¼ 0:001 and high values of mixed convection parameter GR.
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ent values of / are applied in solving Eqs. (20) and (22).
3.1. Velocity and temperature profiles
Figs. 4 and 5 represent the velocity and the temperature pro-
files respectively for base liquid and three kinds of water-
based nanoliquids with the mixed convection parameter val-
ues, GR ¼ 100 and GR ¼ 800 and constant values of Brink-
man number Br ¼ 0:001, Biot numbers Bi1 ¼ 10;Bi2 ¼ 10
and nanoparticles volume fraction / ¼ 0:02. In Fig. 4(a), the
velocity for all the three water-based nanoliquids does not
show any significant difference and uniform when GR ¼ 100.
Meanwhile, looking into Fig. 4(b), the increase in GR increases
the buoyancy force and subsequently the liquid velocity in the
flow direction. This is because natural and forced convection
effects are shown by GR, having the flow dominated by the
natural convection and buoyancy force. Furthermore, high
additive content in TiO2–water leads to a high buoyancy force.
Hence, with the increase in GR, the velocity magnitude of
TiO2–water is highest, followed by Al2O3–water and CuO–wa-
ter throughout the channel. On top of that, with a high value
of GR, reflow phenomenon occurs for the water-based nano-
liquids and the base liquid. As the liquid made contact withthe colder wall, it shrinks accordingly. With this, reverse flow
occurs due to the increase in density and the reduction of
buoyancy force in the upward direction. Meanwhile, looking
at the temperature profiles in Fig. 5, the temperature values
when GR ¼ 800 is slightly higher than that when GR ¼ 100,
for the case of all the nanoliquids and more obvious for the
case of base liquid. The reason being is based on what was
observed in the velocity profiles, where a more intense mixed
convection results in a larger temperature gradient, leading
to a greater buoyancy force. The equivalent thermal expansion
coefficient for nanoliquids is less than base liquid although the
nanoliquids are more dense, while its viscosity is higher. As a
result, lower gravitational force gives less affects in the reflow
region and hence, its velocity is more uniformly distributed
and lower than the base liquid.
As discussed in Utomo et al. [32], the relative viscosity of
TiO2–water is higher than Al2O3–water and CuO–water. This
is due to higher additive content in TiO2–water. The additives
(surfactants and/or organic polymers) used to stabilise nano-
liquid may lower the effective thermal conductivity of base liq-
uid since they usually have lower thermal conductivity than
water. They can also form a ‘‘skin” around nanoparticles
and introduce contact resistance to heat conduction. This
could clearly be seen in the velocity profile and temperature
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Figure 8 (a) Velocity profile and (b) temperature profile of
Al2O3–water nanoliquid for different / with Br ¼ 0:01;GR=600
and Bi1 ¼ Bi2 ¼ 10.
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Figure 9 (a) Velocity profile and (b) temperature profile of
Al2O3–water nanoliquid and base liquid for different Br with
GR ¼ 600;/ ¼ 0:02 and Bi1 ¼ Bi2 ¼ 10.
2292 N.A. Mohd Makhatar et al.profile of Fig. 6, where with high value of Brinkman number
Br ¼ 1:0, the dimensionless velocity as well as dimensionless
temperature of TiO2–water is highest, followed by Al2O3–water
and CuO–water.
Fig. 7 shows the temperature profiles and velocity profiles
of nanoliquid (using Al2O3–water with / ¼ 0:02) and base liq-
uid with the purpose of looking into the effects of the gap
between the values of Brinkman number Br and mixed convec-
tion parameter GR with Biot numbers Bi1 ¼ Bi2 ¼ 10 and
nanoparticle volume fraction / ¼ 0:02. Fig. 7(a) represents
low value of GR and high value of Br, meanwhile Fig. 7(b)
is otherwise. Looking into the temperature profiles, changes
are not significant in Fig. 7(b) because viscous dissipation
effect is reduced for the nanoliquids and base liquid for low
Br. Therefore, viscous effect does not give a significant effect
in determining the temperature distribution within the liquids.
However, higher value of Br as in the temperature profile of
Fig. 7(a) resulted in the importance of viscous effects in deter-
mining the temperature profile. Moreover, greater velocity gra-
dient is produced with a larger value of GR, resulting in a
greater viscous dissipation. This can clearly be seen in the tem-
perature profile of Fig. 7(a), where the dimensionless tempera-
ture for GR ¼ 30 is higher than GR ¼ 15. Meanwhile, with low
value of GR in Fig. 7(a), the velocity distribution is uniform
for both the nanoliquid and base liquid. However, with highervalues of GR as in the velocity profile of Fig. 7(b), the velocity
distribution becomes less uniform with the maximum velocity
approaches the hotter wall. When GR is greater than 300 (High
value of GR), a reflux is formed, which resulted to the reversal
of the velocity. This therefore leads to the occurrence of flow
reversal at the colder wall.
In Fig. 8, the effects of increasing the nanoparticles concen-
tration / could be observed in the velocity profile Fig. 8(a) and
the temperature profile Fig. 8(b), in which both profiles
decrease with the increase in nanoparticle concentration.
Looking into the temperature profile, the changes in the
dimensionless temperature are less significant and heading
towards a linear line as the value of / increases. Meanwhile,
in the velocity profile, the maximum value of the velocity
occurs at the warmer part of the channel.
The dimensionless velocity and dimensionless temperature
distributions, with a constant mixed convection parameter
GR ¼ 600, volume fractions of nanoparticles / ¼ 0:02 and
the Brinkman numbers Br ¼ 0:001 and Br ¼ 0:005 are shown
in Fig. 9. It can be observed on the velocity profile that in com-
parison with base liquid, both values of the nanoliquids are
lower and more uniformly distributed. The reason being is that
the equivalent thermal expansion coefficient of base liquid is
higher than nanoliquids. This condition leads to the reduction
in the dimensionless velocity as the buoyancy force acting on
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Figure 10 (a) Velocity profile and (b) temperature profile of
Al2O3–water nanoliquids for different Bi1 with GR ¼ 300;
/ ¼ 0:02;Br ¼ 0:001 and Bi2 ¼ 10.
Bi =∞, Dirichlet
Bi = 5, Robin
Bi = 0, Newmann
y
u
(y
)
0.250.20.150.10.050-0.05-0.1-0.15-0.2-0.25
2
1.6
1.2
0.8
0.4
0
(a)
Bi =∞, Dirichlet
Bi = 5, Robin
Bi = 0, Newmann
y
θ(
y)
0.250.20.150.10.050-0.05-0.1-0.15-0.2-0.25
0.4
0.3
0.2
0.1
0
-0.1
-0.2
-0.3
-0.4
(b)
Figure 11 (a) Velocity profile and (b) temperature profile of
Al2O3–water nanoliquids for three kinds of boundary conditions
on temperature, Bi ¼ 0 (Dirichlet), Bi ¼ 5 (Robin) and Bi!1
(Newmann) where Bi1 ¼ Bi2 ¼ Bi;GR ¼ 300;/ ¼ 0:02 and
Br ¼ 0:001.
Oberbeck–Boussinesq free convection of water based nanoliquids 2293base liquid is also higher than that acting on nanoliquids. Fur-
thermore, the velocity distribution is also more uniform, due to
the value of viscosity and density of nanoliquids are greater
than base liquid. Looking into the effect of viscous dissipation,
as expected, the dimensionless temperature distribution is
directly effected by the dimensionless velocity distribution. In
the velocity profile, the viscous dissipation effect is increased
due to the lower viscosity of base liquid, which resulted in
the velocity gradient of base liquid is higher than nanoliquids.
Besides that, heat is more readily transferred as the thermal
conductivity coefficient of base liquid is lower than that of
nanoliquids. Therefore, as can be observed in the temperature
profile of Fig. 9(b), the dimensionless temperature of base liq-
uid is higher than that of nanoliquids. However, this compar-
ison is not that obvious with lower value of Brinkman number
Br ¼ 0:001.
Fig. 10 demonstrates the effect of Biot number Bi1 on veloc-
ity and temperature profiles of Al2O3–water nanoliquid. It can
be observed that both the velocity profile and temperature pro-
file decrease with an increase in Bi1 from the colder wall
towards the centre of the channel and increase with the
increase in Bi1 from the centre of the channel towards the war-
mer wall. Biot numbers are the ratio of the hot liquid side con-
vection resistance on a surface. Biot numbers are directly
proportional to the heat transfer coefficients associated with
the hot liquid, for fixed cold liquid properties. The thermalresistance on the hot liquid side is inversely proportional to
the heat transfer coefficients. Thus, the hot liquid side convec-
tion resistance decreases and consequently, the surface temper-
ature increases as Biot number Bi1 increases. This result is also
similar for the case of Biot number Bi2 as well as for CuO–wa-
ter and TiO2–water nanoliquids.
Fig. 11 shows the influence of three different cases of
boundary conditions on temperature, Bi ¼ 0 (Dirichlet),
Bi ¼ 10 (Robin) and Bi!1 (Newmann) on the velocity
and temperature profiles. Looking into the velocity profile of
Fig. 11(a), from the colder wall towards the centre of the chan-
nel, the velocity increases significantly for all the three cases of
boundary conditions with Bi ¼ 0 having the most rapid
increase, followed by Bi ¼ 10 and Bi!1. When Bi ¼ 0, the
flow is symmetrical, but for the case of Bi ¼ 10 and Bi!1,
the maximum velocity moves towards the hotter wall. Mean-
while, looking into the temperature profile of Fig. 11(b), when
Bi ¼ 0, the increase in temperature is less severe. However, the
temperature increases more rapidly near the boundary for the
case of Bi ¼ 10 and most rapid when Bi!1. The wall tem-
perature increases with the increase in Biot numbers. It is
expected that as Biot number goes to1, the convective bound-
ary conditions will become the prescribed wall temperature
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Figure 12 Variation of Nusselt number, (a) Nu1 and (b) Nu2
with variation in the value of GR with Br ¼ 0:001;Bi1 ¼ Bi2 ¼ 10.
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Figure 13 Variation of Nusselt number, (a) Nu1 and (b) Nu2
with variation in the value of Br with Gr ¼ 300;Bi1 ¼ Bi2 ¼ 10.
2294 N.A. Mohd Makhatar et al.case. We can notice that on the smaller domain of Dirichlet
condition, the result would be unrealistic because the region
of change reaches the boundary. Meanwhile, the Robin condi-
tion is more superior to the Newmann condition. The result
obtained supports the research done by Novy et al. [23] Bixler
[6] where it was concluded that the most accurate condition is
the mixed condition (Robin condition), followed by the trac-
tion and free surface inclination boundary condition (Newman
condition). The least satisfactory result is the Dirichlet bound-
ary condition.
3.2. Heat transfer evaluation
To maximise the heat transfer efficiency with a smooth flow,
the viscosity, the concentration of nanoparticles as well as
the mixed convection parameter should be considered as
important physical properties of a nanoliquids. Figs. 12–16
represent the figures involving Nusselt numbers (Nu1 and
Nu2) of the water-based nanoliquids at various values of
Br;GR;Bi1 and Bi2. The results are in good agreement with
what was obtained by Majdi and Abed [21], where the Nusselt
numbers increase with the increase in the value of nanoparticle
volume fraction /. It is observed that adding a low volume
fraction of nanoparticles to the base liquid leads to significant
increase in Nusselt number. Nanoliquids has higher mass con-
centration compared to the base liquid. Thus, the molecules ofnanoliquids have higher momentum. This momentum carries
and transfers thermal energy more efficiently at greater dis-
tance within the liquid before releasing the thermal energy in
colder regions of the liquid.
Nusselt number Nu represents the heat transfer rate with
Nu1 referring to the colder wall and Nu2 referring to the war-
mer wall. When Nu2 > 0, heat-transfer direction at the hot wall
is from the channel wall to the nanoliquid and when Nu2 < 0,
heat-transfer direction at the hot wall is from the nanoliquid to
the channel wall. Similarly, When Nu1 > 0, heat-transfer direc-
tion at the cold wall is from the nanoliquid to the wall and
when Nu1 < 0, heat-transfer direction at the cold wall is from
the wall to the nanoliquid.
It is seen in Fig. 12 that the CuO–water nanoliquid possess
a higher Nusselt number, on both the left wall Nu1 in Fig. 12(a)
and right wall Nu2 in Fig. 12(b). This is followed by Al2O3–wa-
ter and Ti02–water. The liquid velocity plays significant role on
heat transfer, as the liquids move through the channel and
CuO–water having the highest average velocity, due to lower
density than base liquid. It can also be observed that the
increase in mixed convection parameter GR gives a slight
increase on all the three water-based nanoliquids for Nusselt
number on the cold wall Nu1. This is due to the minimal tem-
perature difference between the cold wall and the nanoliquids
and, consequently, the rate of heat transfer at the cold wall just
have a slight increase. On the other hand, a significant decrease
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Figure 16 Variation of Nusselt numbers (a) Nu1 and (b) Nu2 of
CuO–water, Al2O3–water and Ti02–water nanoliquids with three
kinds of boundary conditions on temperature, Bi ¼ 0 (Dirichlet),
Bi ¼ 5 (Robin) and Bi!1 (Newmann) where Bi1 ¼ Bi2 ¼ Bi;
Br ¼ 0:001 and GR ¼ 300.
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Figure 14 Variation of Nusselt number, (a) Nu1 and (b) Nu2
with variation in the value of Bi1 with Gr ¼ 300;
Br ¼ 0:001;Bi2 ¼ 10.
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Figure 15 Variation of Nusselt numbers Nu1 and Nu2 of CuO–
water, Al2O3–water and Ti02–water nanoliquids with
Gr ¼ 300;Br ¼ 0:001;Bi1=Bi2 ¼ 10.
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the three water-based nanoliquids with the increase in GR.
The Brinkman number is an important parameter govern-
ing the heat transfer and liquid flow of a vertical channel.The effects of viscous dissipation in a liquid flow and heat
transfer are best described by the use of the Brinkman number.
With the increase in Brinkman number, viscous dissipation
increases, which leads to the increase in temperature. Fig. 13
aims at finding out the influence of the viscous dissipation
effects on the temperature profile, and consequently, the Nus-
selt number. The figure shows that, unlike mixed convection
parameter GR in Fig. 12 and Biot number Bi1 in Fig. 14,
Brinkman number in Fig. 13 gives a greater impact on the
value of Nusselt numbers as / increases. In Fig. 13(a), with
the increase in Brinkman number, the liquid temperature will
increase due to the increase in viscous dissipation. This will
lead to the increase in the liquid and the cold wall temperature
gradient and, consequently, Nu1 increases. Meanwhile, the
value of Nu2 decreases with the increase in Br for all the three
water-based nanoliquids.
Another result that is obvious in Figs. 12–16 is that the
nanoliquids with CuO nanoparticle show higher enhancement
in its Nusselt number, comparing to Al2O3 and TiO2 nanopar-
ticles. The reason being (as in Table 3) is due to the higher ther-
mal conductivity of CuO–water nanoliquids with respect to
Al2O3 and TiO2 nanoliquids. Besides, as discussed in Seyf
and Feizbakhshi [30], rapid alignment of Al2O3 and TiO2
2296 N.A. Mohd Makhatar et al.nanoliquids leads to less contact between the nanoparticles of
Al2O3 and TiO2 respectively and this consequently lowers heat
transfer coefficient of the nanoliquids. Such difference in Nus-
selt number is due to difference between particle shapes, mor-
phology, or surface treatment of CuO, Al2O3 and TiO2
particles. Hence, CuO nanoparticle is clearly more efficient
than Al2O3 and TiO2 nanoparticles in increasing the Nusselt
number of this study.
Figs. 16(a) and (b) represent the variation of Nusselt num-
bers, Nu1 and Nu2 respectively of CuO–water, Al2O3–water
and TiO2–water nanoliquids with three kinds of boundary
conditions on temperature Bi ¼ 0 (Dirichlet), Bi ¼ 10 (Robin)
and Bi!1 (Newmann). Observing Fig. 16(a), it can be seen
that as nanoparticle volume fraction / increases, the rate of
heat transfer reduces with higher values of Biot numbers for
the three different types of water-based nanoliquids. This is
resulted from the cooling effect of Biot numbers, which leads
to the temperature difference between the liquid and the cold
wall of the channel to decrease and therefore Nu1 decreases.
On the other hand, as in Fig. 16(b), increasing Biot numbers
increases Nu2 values for all the three water-based nanoliquids
because as Bi increases, the thermal resistance of the hotter
wall decreases and convective heat transfer to the liquid on
the hotter wall increases. Among the three kinds of water-
based nanoliquids, the effect of increasing / is more profound
in CuO–water nanoliquids. This is because the rate of heat
transfer is higher in CuO–water nanoliquids than in Al2O3–wa-
ter and TiO2–water nanoliquids. Hence, a more effective
improvement in the heat transfer performance is obtained.
4. Conclusion
In this work, fully-developed mixed convection heat transfer of
CuO–water, Al2O3–water and TiO2–water nanoliquids in a
vertical channel by considering Dirichlet, Neumann and Robin
boundary conditions has been studied. The dimensionless
forms of the governing equations are solved using Run-
geKutta method with shooting technique. The major findings
are as follows:
1. Reflow phenomenon occurs with sufficiently large value of
mixed convection parameter, combined with a low value of
Brinkman number.
2. The presence of nanoparticles in the base liquid causes a
noticeable decrease in the velocity and the temperature pro-
file and reflow occur with higher value of nanoparticle vol-
ume fraction.
3. Viscosity gives a greater impact than buoyancy and Biot
numbers on the heat transfer rate as nanoparticle volume
fraction increases.
4. Heat transfer rate at the cold wall and the hot wall increases
with the increase in nanoparticle volume fraction.
5. The Robin boundary condition gives a more satisfactory
and realistic result, in comparison with the Dirichlet condi-
tion and Newmann condition.
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